Exercise sheet 8 pdf by unknown
Question
Find the eigenvalues and normalised eigenvectors for each of the following
matrices. In each case, write down an orthogonal matrix R such that RTAR
is a diagonal matrix (you should verify this by calculating RTAR):
(i) A =
(
2 −4
−4 8
)
; (ii) B =
(
4 5
5 4
)
; (iii) C =

 5 3 03 5 0
0 0 4

 .
Answer
(i) ∣∣∣∣ 2 − λ −4−4 8 − λ
∣∣∣∣ = (2 − λ)(8 − λ) − 16
= λ2 − 10λ
= λ(λ − 10) = 0
so λ = 0, 10
λ = 0 Solve
(
2 −4
−4 8
)(
x
y
)
=
(
0
0
)
or
2x − 4y = 0
−4x+ 8y = 0
}
let y = α
so x = 2α
Suitable eigenvector
(
2α
α
)
which normalises to
(
2√
5
1√
5
)
λ = 10 Solve
(
−8 −4
−4 −2
)(
x
y
)
=
(
0
0
)
or
−8x − 4y = 0
−4x − 2y = 0
}
let x = β
so y = −2β
Suitable eigenvector
(
β
−2β
)
which normalises to
(
1√
5
−2√
5
)
Take the orthogonal matrix R =
(
2√
5
1√
5
1√
5
−2√
5
)
with RT =
(
2√
5
1√
5
1√
5
−2√
5
)
[Note: check that the eigenvectors are orthogonal using the dot product:(
2√
5
1√
5
)
·
(
1√
5
−2√
5
)
= 2
5
−
2
5
= 0]
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Then
AR =
(
2 −4
−4 8
)(
2√
5
1√
5
1√
5
−2√
5
)
=
(
0 10√
5
0 −20√
5
)
RTAR =
(
2√
5
1√
5
1√
5
−2√
5
)(
0 10√
5
0 −20√
5
)
=
(
0 0
0 10
)
as required
(ii) ∣∣∣∣ 4 − λ 55 4 − λ
∣∣∣∣ = (4 − λ)2 − 25
= λ2 − 8λ − 9
= (λ − 9)(λ+ 1) = 0
so λ = −1, 9
λ = −1 Solve
(
5 5
5 5
)(
x
y
)
=
(
0
0
)
or 5x+ 5y = 0
let x = α
so y = −α
Suitable eigenvector
(
α
−α
)
which normalises to
(
1√
2
−1√
2
)
λ = 9 Solve
(
−5 5
5 −5
)(
x
y
)
=
(
0
0
)
or
−5x+ 5y = 0
5x − 5y = 0
}
let x = β
so y = β
Suitable eigenvector
(
β
β
)
which normalises to
(
1√
2
1√
2
)
Take the orthogonal matrix R =
(
1√
2
1√
2
−1√
2
1√
2
)
with RT =
(
1√
2
−1√
2
1√
2
1√
2
)
Then
AR =
(
4 5
5 4
)(
1√
2
1√
2
−1√
2
1√
2
)
=
(
−1√
2
9√
2
1√
2
9√
2
)
RTAR =
(
1√
2
−1√
2
1√
2
1√
2
)(
−1√
2
9√
2
1√
2
9√
2
)
=
(
−1 0
0 9
)
as required
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(iii) ∣∣∣∣∣∣
5 − λ 3 0
3 5 − λ 0
0 0 4 − λ
∣∣∣∣∣∣ = (5 − λ)
∣∣∣∣ 5 − λ 00 4 − λ
∣∣∣∣− 3
∣∣∣∣ 3 00 4 − λ
∣∣∣∣+ 0
= (5 − λ)2(4 − λ) − 9(4 − λ)
= (λ − 4)(λ2 − 10λ+ 16)
= (λ − 4)(λ − 2)(λ − 8) = 0
so λ = 2, 4, 8
λ = 2 Solve

 3 3 03 3 0
0 0 2



 xy
z

 =

 00
0


or
3x+ 3y = 0
2z = 0
} z = 0
let x = α
so y = −α
Suitable eigenvector

 α−α
0

 which normalises to


1√
2
−1√
2
0


λ = 4 Solve

 1 3 03 1 0
0 0 0



 xy
z

 =

 00
0


or
x+ 3y = 0 (1)
3x+ y = 0 (2)
}
(2) - 3 (1) gives −8y = 0 ⇒ y = 0 ⇒ x = 0.
Let z = β
Suitable eigenvector

 00
β

 which normalises to

 00
1


λ = 8 Solve

 −3 3 03 −3 0
0 0 −4



 xy
z

 =

 00
0


or
−3x+ 3y = 0
3x − 3y = 0
2z = 0


z = 0
let x = γ
so y = γ
Suitable eigenvector

 γγ
0

 which normalises to


1√
2
1√
2
0


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Take the orthogonal matrix R =


1√
2
0 1√
2
−1√
2
0 1√
2
0 1 0


with RT =


1√
2
−1√
2
0
0 0 1
1√
2
1√
2
0


Then
AR =

 5 3 03 5 0
0 0 4




1√
2
0 1√
2
−1√
2
0 1√
2
0 1 0

 =


2√
2
0 8√
2
−2√
2
0 8√
2
0 4 0


RTAR =


1√
2
−1√
2
0
0 0 1
1√
2
1√
2
0




2√
2
0 8√
2
−2√
2
0 8√
2
0 4 0

 =

 2 0 00 4 0
0 0 8


as required
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